We derive the CMB radiative transfer equation in the form of a multipole hierarchy in the nearly-Friedmann-Robertson-Walker limit of homogeneous, but anisotropic, universes classified via their Bianchi type. Compared with previous calculations, this allows a more sophisticated treatment of recombination, produces predictions for the polarization of the radiation, and allows for reionization. Our derivation is independent of any assumptions about the dynamical behaviour of the field equations, except that it requires anisotropies to be small back to recombination; this is already demanded by observations.
INTRODUCTION
There are a number of observed features in the largeangle temperature anisotropies of the cosmic microwave background (CMB) that are anomalous under the usual assumption of statistically-isotropic, Gaussian fluctuations (see Copi et al. 2007 for a recent summary). Recent analyses have suggested that a small global anisotropy in the form described by Bianchi models could be to blame (Jaffe et al. 2005) . In classical general relativity, the dimension of initial state space leading to models with such homogeneous anisotropies is always greater than the limitation of these models to the exactly isotropic case; furthermore, nearly isotropic models do not necessarily tend to late-time isotropy (Collins & Hawking 1973b) . Although later work has suggested an inflationary epoch can be responsible for remov-ing anisotropies (Wald 1983) , this analysis is not complete (Goliath & Ellis 1999) . It is therefore worth investigating further the observational predictions of such models; whilst to the skeptic they seem unlikely, the importance of a positive detection would be great.
Using the CMB models developed in Collins & Hawking (1973a) and Barrow, Juszkiewicz & Sonoda (1985) , based on a specific solution for a type-VII h universe with only pressureless matter, Jaffe et al. (2005) showed that known anomalies such as the low quadrupole amplitude, alignment of low-l modes, large-scale power asymmetry and the 'cold spot' in the CMB could be mimicked. The work was extended in Jaffe et al. (2006) to include the dynamical effect of dark energy, yielding a degeneracy in the ΩΛ -ΩM plane (which effectively arises through the angular diameter distance relation, since much of the temperature anisotropy is generated at high redshift). The degenerate range of parameters able to explain the large-angle anomalies was shown to be inconsistent with the cosmological parameters required to c 2007 RAS explain constraints such as supernovae observations and the CMB spectrum on smaller scales (i.e. the structure of the acoustic peaks). A more complete statistical analysis was performed by Bridges et al. (2007) , in which the inconsistency of inferred parameters was confirmed.
There are remaining dynamical freedoms in the VII h model which were not explored in the above papers. As noted in Jaffe et al. (2006) , these will need investigation before any firm conclusions about the compatibility of the model with observations can be made.
A second important issue, hitherto not considered, is whether the predicted CMB polarization pattern in the Bianchi model that best fits the large-angle temperature anisotropies is consistent with current observations. The reason for its neglect seems to be that there are currently no full predictions for polarization in Bianchi models (Jaffe et al. 2006) . In this paper, we address this issue by providing a complete and computationally convenient framework for calculating polarization in these models, and make a first attempt at confronting the predictions with the three-year data from the Wilkinson Microwave Anisotropy Probe (WMAP ; Page et al. 2007 ). Polarization of the CMB in anisotropic cosmologies was first discussed by Rees (1968) , where a calculation for Bianchi I models was outlined. Further consideration has been given to the problem in Matzner & Tolman (1982) , where Bianchi types V and IX were considered. There are also a number of papers considering the effect of homogeneous magnetic fields on polarization (e.g. Milaneschi & Fabbri 1985; Fabbri & Tamburrano 1987 ), although we emphasize that the resulting Faraday rotation of the polarization is quite distinct from the purely gravitational effect under consideration here.
This paper is organized as follows. We briefly review Bianchi models in Section 2, including a more intuitive derivation of their FRW limit than has previously been published. In Section 3 we derive the zero order evolution of the photon polarization direction along geodesics, and incorporate these results into a multipole treatment of the Boltzmann equation that describes the radiative transfer in Section 4. Using this, we specialize our model to calculate the temperature and polarization anisotropies expected in a VII h model with favoured parameters (Jaffe et al. 2006) in Section 5, and discuss the difficulties of reconciling the results with existing observations. We defer a full statistical reanalysis of Bianchi signatures, including reionization, to future work, where we will also explore more fully the extra dynamical degrees of freedom in the models.
BIANCHI MODELS
In this section we give a brief review of the framework that we use for our calculation. Anisotropic, homogeneous cosmological models can be classified according to the commutation relations of their spatial symmetry groups. The most popular classification method is based on Bianchi's (1897) classification of three-parameter Lie groups. For the development of these classifications in the cosmological context see Taub 1969) , and for reviews see Wainwright (1997) and Ellis & van Elst (1998) .
We adopt a −+++ metric signature, and will use Greek spacetime indices (0 → 3) for tensor components in a general basis, early Latin indices (a, b etc. running from 0 → 3) to label the vectors of any group-invariant tetrad, and middle Latin indices (i, j etc. running from 1 → 3) to label spatial tetrad vectors in expressions only involving the spatial vectors. For the latter, we also use upper-case early Latin (A, B etc.) when the tetrad is time-invariant (see below). As usual, round brackets denote symmetrisation on the enclosed indices and square brackets denote anti-symmetrisation.
A spacetime is said to be homogeneous if it can be foliated into space sections each admitting at least three linearly-independent Killing vector fields (KVFs) {ξ} (so that L ξ g = 0, where L denotes the Lie derivative and g is the metric tensor) with at least one subgroup that acts simply transitively in the space sections. We denote the elements of the three-dimensional subgroup by ξ i where i = 1, 2, 3. The commutator of two KVFs is also Killing and, since the ξ i form a subgroup, we must have
The
are the structure constants of the Lie algebra of the group and are constant in space. (Through the foliation construction below they may also be shown to be constant throughout time.) The Jacobi identity,
restricts the structure constants to satisfy
Since a constant linear combination of KVFs will also be a KVF, one is permitted to perform global linear transformations:
under which the structure constants transform as a (mixed) 3-tensor. Classifying all homogeneous spacetimes amounts to finding solutions to equation (3) that are inequivalent under the linear transformations (4). The fiducial classification is achieved by decomposing the structure constants into irreducible vector and pseudotensor parts:
where n ij is symmetric and ǫ ijk is the alternating tensor. Linear transformations can be used to diagonalise n ij and, since ai is an eigenvector of n ij one may take, without loss of generality:
By rescaling (possibly reversing their directions) and relabelling the KVFs, we may reduce the structure constants to one of 10 distinct canonical forms that describe the 10 possible group types (see, for example, Ellis & MacCallum 1969) . In these forms, all non-zero ni and a are either ±1 except for the two types with an2n3 = 0 in which case there is an additional parameter h ≡ a 2 /(n2n3).
In order to express homogeneous tensor fields in an invariant way within this space, one must construct a suitable basis tetrad {ea} that is invariant under the group action, i.e. satisfying [ea, ξ i ] = 0.
Any homogeneous tensor (T where L ξ T = 0) has components relative to this tetrad that are constant throughout space. The unit normal n to the hypersurfaces of homogeneity (satisfying n · ξ i = 0) is necessarily group-invariant ([n, ξ i ] = 0) via the Leibniz property of L, so we can always take e0 = n. Because of the foliated construction of the spacetime, one may label the hypersurfaces with a coordinate time t such that nα = −t,α and hence e0 can be shown to be geodesic. In any homogeneous hypersurface, we can always construct the spatial part of the group-invariant tetrad by making an arbitrary choice for ei at a point, and then dragging this frame out across the hypersurface with the ξ i (see, for example, Ellis & MacCallum 1969) .
In general the elements of the tetrad will not commute so one has
where the γ ab] are constant in the hypersurfaces of homogeneity by the Jacobi identities. The rotation coefficients encode the covariant derivatives of the tetrad:
where e α a are the components of the tetrad vectors in an arbitrary basis. The rotation coefficients are related to the γ c ab by
where g ab ≡ g(ea, e b ) are the tetrad components of the metric, γ abc ≡ g ad γ d bc and ∂a is the ordinary derivative along the direction of ea. By taking e0 = n, we have g00 = −1, g0i = 0 and, since n is normalized, geodesic and irrotational, γ 0 ab = 0. The group-invariance of the tetrad restricts the form of the spatial components γ k ij : they are related to the group structure constants by a linear transformation and can be classified in the same way (and, necessarily, fall into the same Bianchi type: see MacCallum 1973).
It is always possible to construct the tetrad so that it is orthonormal; see Ellis & MacCallum (1969) for details. However, a convenient alternative is the time-invariant frame used by Collins & Hawking (1973a) . In this case, the tetrad is constructed so that [n, ea] = 0. The Jacobi identities applied to n, ea and ξ i show that this is still consistent with the tetrad being group invariant. A specific construction is to start with a group-invariant tetrad over a hypersurface and to drag the tetrad along the normal n to cover spacetime. An important consequence is that the γ The spacetime metric can then be written in terms of the time-invariant tetrad as
where the basis one-forms e AB denotes the inverse of gAB. The e A are also group-and time-invariant. We decompose the spatial part of the metric following Misner (1968) :
where β is a matrix with zero trace and the matrix exponential is defined as usual via Taylor expansion, yielding det e β = 1. Thus α represents shape-preserving expansion whilst β represents volume-preserving shape deformation. The expansion rate of the n congruence is ∇αn α = 3α and its shear -i.e. the trace-free, symmetric spatial projection of ∇αn β -has components
Here, and throughout, overdots denote derivatives with respect to t. We shall make use of conformal time, η, defined by dt = e α dη, and we denote derivatives with respect to η with primes.
The field equations are generally more naturally expressed in a (group-invariant) orthonormal frame, since the metric derivatives then vanish and one obtains first order equations for their commutation functions. The spatial vectors of such a frame will be represented with lower-case middle Latin indices, i, j etc. One can always define a specific orthonormal frame by (Hawking 1969) 
The orthonormal tetrad is completed with n. The components of the shear in the orthonormal frame are
Note that this corresponds to the matter shear tensor only in the case that the fluid flow is not tilted relative to the hypersurfaces; i.e. the case n = v where v is the fluid 4-velocity. In this paper, we do not specialize in this way.
FRW limit
It is instructive to sketch the derivation of the FRW limit of spacetimes in the time-invariant frame (the calculation in the orthonormal frame is described in Ellis & MacCallum 1969 and yields identical conditions). A homogeneous spacetime can only be FRW if the expansion and 3-curvature are isotropic. Vanishing shear requires βAB = const. and then we can always set βAB = 0 (i.e. diagonalise the spatial metric) with a constant linear transformation of the eA. After the transformation, the γ k ij will no longer be equal to the canonical group structure constants (so we denote them with lower-case indices) but we can perform a further (constant) orthogonal transformation of the ei (hence preserving β = 0) to bring the γ k ij to the canonical form up to positive scalings of a, n1, n2 and n3.
Type a n 1 n 2 n 3 (3) Re 2α
Table 1. Bianchi groups with FRW limit and their structure constants in canonical form. In the case VII h , we take a = − √ hn 2 n 3 for compatibility with the notation of Collins & Hawking (1973a) and Barrow et al. (1985) . Note that a can also be positive, but this case will be related by a rotation of the sky (constructed by e 1 → −e 1 followed by e 3 → −e 3 ) and need not be considered separately. However, the overall parity must be considered; one way is to consider the transformation e 1 → −e 1 which reverses the sign of a and all n i . The final column is the comoving 3-curvature scalar in the β = 0 FRW limit.
With β = 0, the 3-curvature is
Zero-and first-order expressions (such as the one above) will often contain surprising index placement; note that metric factors are always included where necessary to account for this.
In terms of the decomposition of γ k ij , one obtains the offdiagonal element R if the curvature is to be isotropic. The vanishing of the remainder of the trace-free part further requires
which implies that at least one of the ni are zero and the remaining two are equal. By examining a complete list of distinct group types, these conditions yield the spaces with an FRW limit (Table 1 ). In each case we can use a volume rescaling (change of α) to set the non-zero ni to unity or, if the ni vanish, a to −1. This is enough freedom to set the γ k ij of the time-invariant frame, with β = 0, equal to the corresponding canonical group structure constants. For a universe that is close to FRW, we can therefore treat β as a small perturbation while working in the time-invariant frame with γ C AB still in canonical form.
PHOTON PROPAGATION
We parameterize the photon propagation direction vector according to the convention in Barrow et al. (1985) ; although this unusually places the azimuthal direction along e1, it more conveniently reflects the symmetries of the fiducial Bianchi classification, which ultimately yields much simpler equations. Thus in the orthonormal frame, the photon direction has components
and the photon 4-momentum is
where E is the photon energy measured by an observer on a hypersurface-orthogonal path. It is convenient to introduce the comoving energy, ǫ ≡ Ee α . In terms of this, the spatial components of K on the time-invariant tetrad (in which the geodesic equations take their simplest form) are
The energy change along a geodesic follows from differentiating E = −K · n. The geodesic equation then gives the exact result
where ǫ ′ ≡ dǫ/dη. This is equivalent to the integral result obtained by Hawking (1969) . For the evolution of θ and φ, we make use of the (exact) geodesic equation in the timeinvariant frame (Barrow et al. 1985) :
We only require the evolution of θ and φ to zero order in β since the radiation is necessarily isotropic in the FRW limit. Setting β = 0 in equation (23), we find
We denote the (complex) polarization 4-vector by P . It is normalized so that P · P * = 1 and, in the Lorentz gauge, is orthogonal to K. The polarization P is parallel transported along the photon geodesic. We are more interested in the observed polarizationP (i.e. the electric field direction for radiation in a pure state) relative to n. This is given by screen-projecting P perpendicular to n and the photon direction p:
where the screen-projection tensor H αβ is defined by
The evolution ofP follows from the parallel transport of P itself (Challinor 2000) :
We find for the tetrad components ofP in the time-invariant basis the exact equatioṅ (29) where ΓABC are the rotation coefficients given by the spatial components of equation (10). 1 There is only one degree of freedom in the projected polarization vector, described by the angle between it and theê θ direction:
whereê θ andê φ are constructed from the orthonormalframe vectors. The components on the orthonormal frame are therefore
The polarization is first-order in β so we only require the evolution of ψ at zero order. In this FRW limit, equation (29) reduces to
Since we are considering models close to FRW, n3 = n2 (see Table 1 ) and our evolution equations simplify to
where, for type V universes, one takes √ h = 1. We see that the polarization only rotates relative toê θ andê φ in type-IX universes. These general equations for θ and φ agree with the specific cases given in Appendix B of Barrow et al. (1985) ; the general ψ equation agrees with the previous analysis of type-IX universes given in Matzner & Tolman (1982) .
BOLTZMANN EQUATION
In this section, we derive the first-order Boltzmann equation describing polarized radiative transfer in any Bianchi model with an FRW limit.
CMB polarization is generated by Thomson scattering and is therefore expected to be only linearly polarized. We can describe the radiation distribution function in terms of Stokes parameters f , q and u where f gives the expected number density of photons per proper phase-space volume irrespective of their polarization state. The parameters q and u describe linear polarization relative to a basis that we take to beê θ andê φ for propagation along p i . Then (f + q)/2 is the expected phase-space number density of photons that would be found in theê θ linear-polarization state, and (f + u)/2 is the same for the state rotated by 45 deg (towardŝ e φ ). In the absence of scattering, f is conserved along the photon path in phase space and q and u are conserved if referred to bases that rotate likeP in equation (28). We parameterize f , q and u by the photon-direction angles θ and φ and by comoving energy ǫ. Since these parameters are defined relative to a group-invariant tetrad, f is independent of position in the hypersurfaces of homogeneity. The same is true for the Stokes parameters since the basis on which they are defined is constructed in an invariant manner.
The Lagrangian derivative of f in phase space is
and is only non-zero because of scattering. The quantities ǫ ′ , θ ′ and φ ′ are given by equations (22) and (33). Anisotropies are formed through the last term in equation (34) and by Thomson scattering off electrons with a non-zero peculiar velocity; both effects are first order. The remaining terms 'advect' the resulting pattern on the sphere using the zero-order transport equations. The energy dependence of the anisotropies is therefore proportional to ǫ∂f /∂ǫ wheref is the Planck distribution function in the FRW background. We define the dimensionless temperature anisotropies Θ(θ, φ; η) by
Polarization is generated by scattering the anisotropies and, since Thomson scattering is achromatic, the polarization has the same ǫ spectrum as the anisotropies. We can therefore introduce dimensionless 'thermodynamic-equivalent' Stokes parameters Q(θ, φ; η) and U (θ, φ; η) as
The quantities Q±iU have spin-weight 2, i.e. under a change of basiŝ Q±iU ) . (37) Expressed in this way, the time dependence of the temperature anisotropies obeys:
where the first term on the right describes the Thomson scattering kernel (Section 4.3), the next two describe advection of the patterns on the sphere, and the final term is gravitational redshifting in the anisotropic expansion due to the shear. The advection terms are more transparent when interpreted as being due to the spatial dependence (relative to a parallel-propagated rather than time-invariant basis) transforming to angular dependence through free streaming. For polarization, we have
where the last term arises from polarization rotation. Again, the first term on the right describes Thomson scattering (see Section 4.3). We expand the temperature anisotropies in terms of spherical harmonics about the propagation direction:
For polarization, we expand in spin-weighted spherical harmonics 2 as
Note that the Bianchi models are not parity invariant; the mirror universe can be obtained using the standard transformations
or, equivalently, flipping the signs of a and all ni (which inverts the direction of the e1 axis). 
Gravitational redshifting
The effect of the shear on the observed temperature pattern reads
which is a pure quadrupole. In terms of spherical harmonics,
where σij are the components of the shear in the orthonormal frame. We see that shear injects power at l = 2, but subsequent advection generally transports this to higher l.
Advection equations
The advection part of the Boltzmann equation for the temperature is
with θ ′ and φ ′ given by equations (33). Making use of the results sin θ ∂sY 
Here, For polarization, we have
We write
which may be expressed
We see that there are two modes of propagation; one transfers power amongst l and the other mixes E and B-modes.
The mixing terms are
Polarization is generated from Thomson scattering as a pure electric quadrupole (see Section 4.3) but B-modes can subsequently be produced through advection. This happens in all nearly-FRW Bianchi models except type I. The n1 term in equations (52) arises from the polarization rotation ψ ′ ; the remaining terms are from the evolution of the photon direction relative to the invariant frame. For the power transfer, we find
which are not affected by polarization rotation. Note that
as required by the reality of E(θ, φ) and B(θ, φ) in equation (50).
Scattering equations
We use a standard Thomson scattering kernel in the form derived by Hu & White (1997) (see also Dautcourt & Rose 1978) :
where τ ′ = neσte α gives the scattering rate in conformal time, and
are the dipole moments of the electron peculiar velocity in the orthonormal frame. It follows from equation (55) that Thomson scattering of the temperature quadrupole generates polarization that is an E-mode quadrupole.
IMPLEMENTATION FOR VIIH UNIVERSES

Field equations
The complete set of field equations are available from, for example, Wainwright (1997) . Naturally, these reduce at zerothorder to the standard Friedmann and acceleration equations, so that
where ΩM,0, ΩΛ,0 and ΩK,0 have their usual meanings, (1 + z) −1 = e α−α 0 and H =α. The Friedmann constraint equation relates the group parameter h to the curvature (see Table 1 ): h = H 2 0 e 2α 0 ΩK,0. The evolution of the shear is required at first order and is provided by the trace-free part of the spatial evolution equations,
in the orthonormal frame. Here,
is the trace-free part of the intrinsic 3-curvature of the homogeneous hypersurfaces. Also, we have assumed a perfect fluid (i.e. zero anisotropic stress) and the shear equation (58) holds only at first order. It is convenient that, in the VII h case, (3) S12 and (3) S13 are zero to this accuracy, and, furthermore, no coefficient of β12 or β13 enters into the expression for (3) Sij , so that one may study a simple model in which σij = 0 except for σ12, σ13 ∝ e −3α . The linear constraint equations show that the matter in such a model contains vorticity, i.e. the separation of neighbouring particles rotates relative to inertial gyroscopes.
Whilst it is not prohibitively difficult to implement a numerical solution for the most general case, we defer such a treatment to a later paper. Instead, we take advantage of the simplified solutions to derive the polarization in the favoured models of Jaffe et al. (2006) .
We shall adopt the standard assumption that the CMB signal from global anisotropy adds linearly to that from inhomogeneities. This is clearly correct insofar as the linear-order perturbations are concerned; however, given that generic anisotropy modes grow towards the initial singularity, there is no guarantee that standard inflationary mechanisms for generating inhomogeneities can be invoked. Ignoring this potential inconsistency is pragmatic, but investigation would certainly be necessary if the resulting models gain any significant observational support.
Tilt decay
To be consistent with our assumption of small departures from FRW symmetry, we assume that all peculiar velocities are small. If we write the total momentum density of all matter and radiation as
, the linear constraint equation relates the spatial components to the shear:
to first order in the orthonormal frame. Here, the C i jk are the structure constants in canonical form. In the restricted solution σ12, σ13 ∝ e −3α , so, assuming the total momentum density is dominated by a barotropic fluid with equation of state p = wρ for constant w, we have ρ ∝ e −3(1+w)α and
This behaviour of |u| is consistent with momentum conservation. To see this, consider the Euler equation for a noninteracting ideal fluid in the time-invariant frame. The fluid pressure is constant on surfaces of homogeneity but gradients proportional toṗuA appear in the fluid rest frame. These accelerate the fluid so thaṫ
Solving gives uA ∝ e 3wα and, recalling the zero-order metric g AB = e −2α , we recover equation (61). The above introduces a complication in multi-fluid models, which appears to have been overlooked in recent work. For two components, say, the tilt velocities u (1) , u (2) need not be the same (except in the case of strong coupling). Only the total momentum density, (ρ1 + p1)u (1) + (ρ2 + p2)u (2) is constrained by the shear so there is additional freedom in the solution.
3 Although the dark matter density will be dominant around the time of recombination, z ∼ zLSS, the tilt velocity of relevance for the CMB is manifestly that of the baryons. Given that the baryons are tightly coupled to the photons until the last scattering surface, they experience a significant pressure and their tilt decay will be halted; this will not be the case for the dark matter. Thus, one needs to consider with care how to estimate the electron velocity in the Thomson scattering terms (56).
For most of cosmic history before recombination, the baryon-photon plasma has an equation of state parameter close to w = 1/3. A simple approximation is thus obtained by assuming the baryon tilt velocity remains constant before recombination, after which it decays as the inverse scale factor. If dark matter decouples at zDM, the ratio of baryon to dark-matter peculiar velocities at last scattering will be
We take dark-matter decoupling to be at redshift (see e.g. 
where kB is Boltzmann's constant, Mσ is the coupling mass, M is the particle mass, and the chosen values assume a super-symmetric origin of the CDM particle. Unfortunately, the linearisation will break down at high redshift as the expansion-normalized scales as e −α , so the value by which the dark matter tilt is suppressed relative to the baryon tilt is unclear. However, equation (63) strongly suggests that the baryon-photon plasma dominates the momentum density at last scattering and that its tilt should be properly determined at zLSS by equation (60) with P = (ρ b + 4ργ /3)u (b) on the left-hand side. After this u (b) decays as 1 + z as determined by (62). The usual procedure of assuming that all components have the same tilt underestimates |u (b) | at last scattering by the ratio of the baryonphoton enthalpy to the total enthalpy. For the majority of our results, we follow the usual procedure for consistency with previous work. We consider the effect of the improved velocity analysis in Section 5.7, where we show that it will have a significant impact on statistical studies, but does not change our qualitative results.
Parameters of the model
For ΛCDM, the background model may be specified fully by the physical densities in CDM (ωc,0 ≡ Ωc,0h 2 100 with H0 = 100h100 km s −1 Mpc −1 ) and baryons (ω b,0 ) with ΩΛ,0 and ΩK,0. The Hubble constant and ΩM,0 are then derived quantities. Models with fixed ωc,0 and ω b,0 have the same early-universe history and reproduce the same acoustic peak structure in the CMB spectra if the angular-diameter distance to last-scattering and the primordial power spectra are additionally held fixed (Efstathiou & Bond 1999) . The Bianchi representation with structure constants in canonical form further requires us to specify e α 0 , although this is of no physical consequence in the background. In the perturbed model, the current scale factor e α 0 determines the physical size over which the shear eigenvectors rotate in space on a parallel-propagated triad. For the simplified perturbed model, we must additionally specify initial values for σ12 and σ13. Due to the rotational symmetry of the VII h structure constants about e1, only m = ±1 anisotropies and polarization are generated in this model, and are proportional to [(σ12∓iσ13)/H]0 respectively. Varying the phase of σ12+iσ13 amounts to rotating the sky about e1 (reflecting the residual freedom in the choice of e2 and e3), while the rotationallyinvariant content depends on σ 2 12 + σ 2 13 . We can, therefore, always choose σ12 = σ13 which we do for compatibility with previous studies.
The morphology of the CMB anisotropy and polarization patterns in the Bianchi model is determined largely by the parameters ΩM,0, ΩΛ,0 and the conformal Hubble parameter e α 0 H0. The expansion-normalized shear (σ12/H)0 and (σ13/H)0 determine the amplitude.
4 Collins & Hawking (1973a) denote the conformal Hubble parameter by x, i.e.
where the latter relation arises directly from the FRW definition of ΩK,0, with K = −h in our case (Section 2.1). With x, ΩM,0 and ΩΛ,0 fixed, variations in e α 0 change physical scales in the model (e.g. the age) but do not affect the conformal properties. There is an approximate degeneracy amongst ΩM,0, ΩΛ,0 and x that preserves the morphology of the Bianchi patterns (Jaffe et al. 2006; Bridges et al. 2007 ).
In our results, we follow Jaffe et al. (2006) by fixing ωc,0 and ω b,0 and use an ionization history consistent with these choices. Further specifying ΩM,0 and ΩΛ,0 determines H0; the current scale factor is then fixed by x.
Summary of the calculation
We assemble a hierarchy of multipole equations for Θ lm , E lm and B lm using the results of Section 4. The Thomson scattering rateτ requires a model for the recombination (and potentially reionization) history, for which we use RECFAST (Seager, Sasselov & Scott 1999) .
Starting at z ≃ 1500, the initial power is taken to be zero for the polarization, with a pure dipole for the temperature arising from the tilt of the baryon-photon fluid. Whilst the universe remains optically thick, a small quadrupole term in the temperature and polarization distributions arises from the equilibrium between scattering and anisotropic redshifting due to shear; this is quickly attained during the numerical integration and there is no requirement to include it in the initial conditions. However, we verified that starting significantly earlier (z ≃ 1800) made no difference to the final results.
Since the power in the temperature modes declines very rapidly for l > 15, we truncate the hierarchy at l = 60 without any special boundary conditions. Performing the calculation with a higher truncation (l = 120) made no difference to the results for l < 30. During the numerical integration we ensure at each timestep δη ≪ 1, σδη ≪ 1 andτ δη ≪ 1.
We investigate the polarization properties of the CMB in two models on the degeneracy proposed by Jaffe et al. (2006) , namely (x, ΩΛ,0, ΩM,0) = (0.62, 0, 0.5) and (1.0, 0.7, 0.2) respectively, both with "right-handed" parity. The latter model is as close to a concordance value as the Bianchi fitting allows (see Fig. 7 in Bridges et al. 2007) . In both cases, we take ω b,0 = 0.022 and ωc,0 = 0.110 and the consistent recombination history with no reionization. These models produce almost identical polarization patterns, for reasons outlined below. We briefly discuss the effects of altering the ionization history in various ways (including reionization) in Section 5.6.
In each case, we normalize such that the maximum temperature anisotropy corresponds to ∆T = ±35 µK. Note that the amplitude of the polarization anisotropy simply scales linearly with the magnitude of the temperature anisotropy. The main difference between the models is a shift of power to larger scales (lower l) in the model with Λ; this is well understood in terms of the reduced focusing given lower Ω K,0 (see text), and causes no difference to our conclusions. Note that the T B correlation is negative for l < 6 and l < 5 in the respective models.
Results
The resulting temperature and polarization E-and B-mode maps for the ΩΛ,0 = 0 case are illustrated in Fig. 1 . The level of the polarization is very high, approximately 1 µK. Heuristically, this is because the shear modes considered here decay as (1 + z) 3 , so that a substantial portion of the final temperature anisotropy can be built up between individual scattering events at high redshift. Because of the efficient conversion of E-modes to B, (equation 52), the B-mode contribution is of similar magnitude to the E-mode.
Although computing the power spectra,
does throw away useful information in these models, it provides a fast and efficient way to compare our results with known, and robust, polarization constraints. Since the multipole hierarchy does not transfer power between different m values, and the implemented cosmology only generates anisotropies with m = ±1, in forming the power spectrum we are throwing away only phase information. Given the position of the Bianchi-like features on the sky given in Jaffe et al. (2006) , we may be confident that the P06, and even the P02, mask of the WMAP polarization analysis (Page et al. 2007) could not hide the polarization signal to a great extent (Fig. 1) . Although the relation between the Stokes parameters and E and B is non-local, we note that maps of the Stokes parameters have their power localized in a similar way to E and B (and T ). We therefore 2) (dotted lines). Note that the power grows rapidly at high redshift while the shear is still significant, then remains constant (although it is transferred to higher l, which cannot be seen in this diagram). It is for this reason that the polarization is remarkably strong and relatively insensitive to the cosmology along the line for which the VII h temperature patterns are degenerate.
calculate the full-sky power spectra without any consideration of the effect of masking nor the weighting with the inverse of the (non-diagonal) pixel-pixel noise covariance matrix that were employed by the WMAP team. Given that the r.m.s. Bianchi signal inside the masks is lower than outside, we expect the effects of masking would increase the estimated Bianchi power spectra over the full-sky values plotted in Fig. 2 .
The major difference between the two parameter sets considered is that, for the ΩΛ,0 = 0.7 case, the distinctive spiral pattern is less 'focused'. This is a well understood effect of reducing the spatial curvature ΩK,0 to 0.1 from its original value, 0.5 (e.g. Barrow et al. 1985) , and manifests itself as a shift of power to lower l (see Fig. 2) . The existing statistical studies show that distinguishing these cases observationally is currently not possible (Bridges et al. 2007) .
There is no significant difference in the overall polarization power. This follows because the majority of the power is built up rapidly at high redshifts as the universe becomes optically thin and the shear term has not decayed: at this point, the model is insensitive to the values of ΩΛ,0 and ΩK,0 (Fig. 3) . Allowing ω b,0 to vary introduces much more substantial variations in the relative level of polarization; however, this introduces a further degree of freedom and is beyond the scope of our current analysis.
In Fig. 4 , we compare the power spectra in the Bianchi ΩΛ,0 = 0 model with the power expected in a 'concordance' model with standard, statistically-isotropic and homogeneous perturbations. The latter spectra are computed using CAMB (Lewis, Challinor & Lasenby 2000) for two models, (Page et al. 2007) . From the T E and EE power spectra alone, the Bianchi-induced polarization can mimic the effect of early reionization in the standard scenario (the conventional interpretation of the large-scale polarization power seen by WMAP ). However, the best-fit Bianchi model to the temperature map clearly over-produces B-mode power compared to the WMAP upper limit (plotted) ruling out the simple model immediately.
one with no reionization (dot-dashed lines) and a favoured reionization model (dashed lines; τ = 0.10). Forming combined power spectra by adding the power from the Bianchi model that best fits the temperature maps to that from the concordance model is inconsistent, since the models have different parameters (Bridges et al. 2007 ). However, ignoring this problem and comparing the models as 'templates' shows that, so far as the T E and EE power spectra are concerned, the Bianchi model can mimic the observed largeangle power that is conventionally attributed to reionization. Of course, the 'corrected' power in such a model would probably lead to an unfeasibly low estimate for τ in light of other data such as the Gunn-Peterson constraints (e.g. Fan, Carilli & Keating 2006) . So, at least with the fiducial simplified dynamics outlined in Section 5.1, this already provides strong evidence against the VII h model.
More challenging for the Bianchi model is the B-mode polarization, which is at a similar level to the E-mode. In Page et al. (2007) , the B-modes for l < 10 are found to be consistent with zero with errors better than σ ∼ 0.1 µK 2 at each multipole. At this level, the signal-to-noise on the B-mode spectrum in the Bianchi model should be at least unity for each 2 < l < 8, and would have produced a highly significant detection of large-angle B-modes overall.
Finally, the Bianchi models are not parity-invariant and one therefore obtains a T B and EB cross-correlation (Fig. 2) . To get a rough estimate of the current statistical power of these spectra in constraining the Bianchi model, we compute the χ 2 between the model prediction and the WMAP estimates of C T E l and C T B l available on the LAMBDA website 5 . We use the spectra from l = 2-16 and, since only the diagonal errors are publically available, we ignore correlations between the estimates and complications due to the shape of the low-l likelihood. As noted earlier, we also ignore the effects of foreground masking and noise-weighting.
6 We find reduced χ 2 values of 0.5 for T B and 4.3 for EB for 15 degrees of freedom. The corresponding figures for null C T B l and C EB l are 0.4 and 0.6. Note that, although the Bianchi power is typically two orders of magnitude smaller in EB than T B, the EB estimates have smaller errors as C T l exceeds the variance of the polarization noise on these scales. The interpretation of these χ 2 values is that the data are too noisy to distinguish the Bianchi model from the null case for T B (both are perfectly consistent) but the EB spectra disfavour the Bianchi model over the null case.
Effect of ionization history
Since the shear decays rapidly, σ ∝ (1 + z) 3 , our inclusion of a more detailed recombination calculation will affect the temperature maps somewhat. We take the ΩΛ,0 = 0 model and run the Boltzmann hierarchy twice; first with instantaneous recombination at z = 1100 and then with the full RECFAST history (with no reionization). There is no qualitative difference in the temperature maps produced, but there is an approximately 15 percent decrease in the temperature amplitude in the latter case. Of course, this is simply reflected in a slightly different estimate of (σ/H)0 and has no significant impact on previous probes of Bianchi signatures.
However, the detailed recombination history does have a significant impact on the amplitude of polarization. With the detailed model, the amplitude is approximately five times larger than that derived from the instantaneous model. Note that this puts the amplitude of polarization in the instantaneous model in agreement with the estimation in Rees (1968) . It is unsurprising that the polarization is so sensitive to the recombination model, given that it arises through the detailed interplay of the rapidly decreasing shear and sharply peaked visibility functionτ e −τ . The effect of adding reionization is not as dramatic as for standard FRW perturbations; this is because of the high level of the primordial polarization relative to the temperature signal (∼ 1/25) on large scales. Adding reionization as early as z = 15 produces only a ∼ 50 percent increase in the EE power.
Effect of improved constraint model
The numerical results presented so far have derived the baryon tilt assuming the same tilt for all particle species, 5 http://lambda.gsfc.nasa.gov/ 6 We checked that the additional variance in the power spectrum estimates (when averaging over statistically-isotropic CMB fluctuations and noise) due to products between the two-point functions of the Bianchi signal and fluctuations is only a small correction to the errors computed by the WMAP team. (Fig. 1) . The centre of the maps are here oriented down the e 1 axis. One may see heuristically that the shear generally contributes more to the temperature anisotropy than the dipole, because its integrated effect (for models with matter domination over most of the line of sight) scales as
3/2 × O(1) whereas the dipole is imprinted instantaneously at scattering and scales in the improved model as
Using this new approach with the two sets of parameters considered above, the ratio of the shear to Doppler contributions is ∼ 6. If instead we assume the same tilt for all species, as in the previous section, we should replace Ω b,0 by ΩM,0 in equation (67) and this ratio becomes ∼ 30. The effects of the improved treatment of tilt are thus twofold: (a) an increase in the relative level of the 'distorted dipole' to the 'distorted quadrupole' component in the temperature maps; and (b) a decrease in the overall level of polarization, given that the models are normalized to a fixed maximum ∆T /T , and only the quadrupole at high redshift is responsible for producing polarization.
The revised temperature map and residual map for the (x, ΩΛ,0, ΩM,0) = (0.62, 0, 0.5) model are shown in Fig. 5 . The power spectra are plotted in Fig. 6 . As expected, the polarization strength is somewhat lower after renormalization. The effects are in accordance with our expectations: the difference in the temperature maps amounts to a 15% effect, whilst the polarization level is reduced by approximately 10%.
It is clear that the details of how the tilt is treated will impact on a detailed statistical comparison of the models with the WMAP data, but a full study is beyond the scope of the present work. However these effects are not sufficiently large to make the Bianchi B-mode polarization unobservable at the three-year WMAP sensitivity (cf. Fig. 4 ), or change our overall conclusions.
CONCLUSIONS
We have derived the radiative-transfer equation for the CMB, including polarization, in all nearly-FRW Bianchi universes in the form of a hierarchy of multipole equations which can be easily integrated numerically. These can be coupled with the dynamical (i.e. Einstein) equations to compute maps of the CMB temperature anisotropies and polarization in any such model. B-mode polarization is generic, being produced in all Bianchi types except I. We applied these equations to the Bianchi VII h case, with parameters tuned to address the anomalous features observed in the CMB temperature on large scales (Jaffe et al. 2005 (Jaffe et al. , 2006 . Our treatment includes a more physical treatment of the tilt velocity in CDM models with sub-dominant baryons. Whilst this does not make a qualitative difference to our results, more detailed statistical studies could well be affected by its ∼ 20% corrections.
Our temperature maps are similar to those derived from earlier studies (Collins & Hawking 1973a; Barrow et al. 1985) , although the amplitude is modified somewhat due to the better treatment of the ionization history. Polarization maps, with the generality presented here, do not appear to have been computed before. Note also that for these, a detailed treatment of recombination is required for accurate results. The power spectra of our type-VII h polarization maps apparently put these models in contradiction of the large-scale polarization results from WMAP (Page et al. 2007) .
During the drafting of this paper, an analysis of universes equivalent to Bianchi I models, tuned to account for the low CMB quadrupole (Campanelli, Cea & Tedesco 2006) , was shown to give a similar level of polarization to that computed here (Cea 2007 ). This is not surprising given that the anisotropies are tuned to address some of the same problems, and that the added complications induced by the VII h geometry do not substantially alter the amplitude of the effect (in the simplified dynamical model). In the type-I model, the temperature anisotropy and E-mode polarization are simply quadrupoles, and no B-modes are produced (see equation 52). Although the type-I model does not suffer the same observational constraints as type-VII h in polarization, the latter has the virtues in temperature of resolving essentially all of the large-angle anomalies.
Our cursory glance over the available data appears to rule out the VII h models employed in recent papers on the basis that they over-produce B-mode power. This is especially significant given that the results hold for all models on the Bianchi degeneracy line given in Jaffe et al. (2006) . Our polarization results, combined with the failure of the Bianchi degeneracy region to include well-established values for the cosmological parameters, suggest that the simple VII h model, as it stands, is unsuitable to describe the available data. However, to reject completely the hypothesis that our universe contains anisotropic perturbations that are homogeneous under groups of motions with Bianchi type VII h requires a fuller treatment of the dynamics of the linearized model (Section 5.1). We intend to address this problem, and to search for statistical correlations between the morphology of the generalized model's polarization and the WMAP data, in future work.
